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An Exact Representation of the Space-Time
Characteristic Functional of Turbulent Navier—Stokes
Flows with Prescribed Random Initial States

and Driving Forces
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By adopting a formal operator viewpoint, the space-time characteristic
functional associated with Navier-Stokes turbulence is expressed in terms of a
linear operator acting on the space of functionals. Obtained by a simple
similarity transformation of the local translation operator generated by the non-
linear terms in the Navier-Stokes equation, this operator is unitary with respect
to the formal scalar product of functionals. The equivalence of this operator
representation to the functional integral representation of Rosen is shown and,
for Gaussian initial velocity and external force fields, some consequences of this
representation are presented.
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1. INTRODUCTION

The basic assumption of turbulence theory is that the statistical dynamics
of a turbulent flow is completely determined by the joint probability
measure associated with random hydrodynamic fields whose realizations
satisfy the mass, momentum, and energy equations for prescribed initial
and boundary conditions. For incompressible fluids with uniform density
and viscosity the spatial (Eulerian} velocity field u(x, ¢) alone is sufficient to
specify the fluid motion. Thus, an explicit determination of the charac-
teristic functional of u(x, ¢), which incorporates all the finite-dimensional
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statistical observables associated with a turbulent fluid, constitutes a
central problem for the deductive theory of turbulence. The Navier-Stokes
dynamics induces a linear evolution equation (Hopf’s equation!") for the
space characteristic functional of u(x, ¢) which simply expresses the preser-
vation of normalization property of probability measure under this
dynamics. The exact general solution of this equation for a given initial
statistical state can be formally represented as a functional integral;
however, the deduction of relevant physical information from this represen-
tation is still an unsolved problem.

Similarly, the space-time characteristic functional of u(x, ¢) satisfies a
linear equation and also admits a general integral representation. These
integral representations can also be derived directly from the
Navier-Stokes equation without referring to the functional differential
equations. For boundary-free fluids which are not subject to random exter-
nal forces, these representations were presented first by Rosen.** In the
special cases of zero viscosity or negligible nonlinear interactions, more
explicit exact expressions for the space and space-time characteristic
functionals have also been derived under particular statistical restrictions
by various researchers.*® The functional integral representations
associated with the Navier—Stokes turbulence can essentially be regarded as
linear mappings between particular characteristic functionals. Since the
Navier-Stokes dynamics is not measure preserving in the phase space
corresponding to u(x,t) due to viscous dissipation, a unitary linear
operator cannot be associated with the evolution of fluid turbulence.
However, by adopting an operator viewpoint, it is possible to express the
space-time characteristic functional of u(x, t) exactly, and explicitly, in
terms of a functional linear transformation which is formally unitary with
respect to a particular scalar product in the space of functionals, as shown
in this paper. This expression is valid for any admissible prescribed
statistics of the initial velocity and external force fields and can be inter-
preted as a perturbation expansion in powers of a particular Reynolds
number.

Here only the fluids without boundaries are considered, although the
boundary conditions and geometries can be incorporated into the
formalism without essential changes. The universal, stationary, small-scale
characteristics of a turbulent flow can be specified without dealing with
boundaries and initial statistics by working with a boundary-free and-exter-
nally driven fluid. In Section 2, a formal series representation for the linear
operator which connects the space~time characteristic functionals of linear
and actual turbulent flows is derived through a simple similarity transfor-
mation. The connections to Rosen’s functional integral representation® are
also shown in this section. Section 3 contains, for Gaussian initial velocity
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and driving force fields, some simple consequences of this operator
representation.

2. THE SPACE-TIME OPERATOR FOR TURBULENCE
STATISTICS

The laminar and turbulent motions of boundary-free incompressible
fluids are specified by the Navier-Stokes equation'”:

%-{—(M-V)U—VAM-FVp:f; ult-=10=u0(x)7 VuO:O (1)

where x=(x!, x% x*) is the (Cartesian) position vector of a point in
Euclidean space R®, u=u(x, t) is the spatial velocity field, p = p(x, t) is the
(modified) pressure, v is the kinematic viscosity coefficient, and f=f(x, ¢) is
the external volume force density, which can be prescribed as divergence-
less without loss of generality. The solution set of (1) consists of solenoidal
vectors only, since the condition Vu,=0 implies Vu=0 for ¢>1t,. The
statistical turbulence problem associated with (1) is simply the deter-
mination of the space-time characteristic functional

2= [ e dut) = (exp {i [ dzn(z) (o) 2)

from the prescribed functionals

Z(0)= j 1003 gy (u) = <exp {i f dx 0(x) - uo(x)}> 3)
and

Zn)=[ e dn ()= (exp {i [ )12} ) )

where z = (x, t), n(z) and 0(x) denote the test vector fields, the dot is the
usual vector product, and the x and z integrations are over entire R> and
R?x [t,, ), respectively. The pressure field can be eliminated from (1) by
applying the incompressibility condition and solving the resulting Poisson
equation and one can recast (1) into an integral form with the help of heat
kernel associated with R> as

w(z)=v*(2) + [ dz, Coplz—2,) w(2)) w7(z,)) (5)
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where

o(z) = [ dx, Glx—x,, 1= to) uglx,) + [ d2, Gz —21) fz))  (6)

_ [@m) *Rexp(—|x|¥ave), >0
G(z)= {O, t<0 )
/. @ 2 0’
Cop2)= =5 (5«4?5;;"*50@ W) 6~ raae
G(xb t)
S v

for t>1,, and C,,(z) vanishes for ¢ <¢, [further properties of C,4,(z) can
be found in ref. 8.
The velocity field v(z) is solenoidal and its characteristic functional

Zo(m) = [ € dug(v) = <exp {i [ dzniz). v(z)}> 9)

is completely determined in terms of independently prescribed statistics of
ug(x) and f(z) as

2uln) = 2,( [ de, 6tx, =51~ 1) te0) ) 2. ([ s Gl = 2hate) ) (10)

Thus, the Navier—Stokes turbulence problem, as stated above, reduces
to the explicit determination of Z(n) in terms of Zy(n). To this end, let us
write Eq. (5) as

u(z) =v(z) + 1Q(u; z) (11)

where the quadratic functional Q(u;z)=(Q,;, Q,, Q;) represents the
integral term in (5) and the real parameter A tags this term. Now we can
treat (11) as a one-parameter nonlinear mapping between solenoidal
vector fields, so that by restricting the admissible sets of u,(x) and f(z)
(and the time interval if necessary) to those for which Eq. (11) has a unique
solution u(z) for a given v(z), one may introduce the mapping T:u—»v=
u—AQ(u)=T(u) and its inverse T ':v—u=T '(v) which solves the
Navier-Stokes equation. In turn, T induces a linear transformation T on
the space of functionals of vector fields u such that, by definition,
(TF)(u)= F(T(u)) = F(u— AQ(u)) for an arbitrary functional F(u). Clearly,
for A=0 T and T are identity mappings in their corresponding spaces. The
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functional determinant det(7) of mapping 7, which can be formally
expressed as exp{TrIn(l—-16Q/6u)}, is equal to 1 since the linear
operator corresponding to kernel

5Qa(21)/5uﬁ(22) = anﬂv(zl —2z;) u'(z;)

and its powers are traceless.®) This implies that the operator T is formally
unitary with respect to the scalar product of two functionals F and G
defined by

CF, G = [ d(w) Fw) G(w) (12)

where the overbar denotes complex conjugation and the formal measure
d(u) corresponds to the space—time lattice approximation of vector fields by
step functions,® namely

Vol(Qj)>3/2 du, (13)

d(u) =1im ]| (T

J

In (13), Vol(£2;) is the volume of space-time cell 2, in which u(z) is
approximated by

U= [Vol(.Qj)]*IJ dz u(z)

Since d(T(u))=|det(T)| d(u)=d(u), we have
(F,TG>=(T"'F, G> (14)

which evidently implies (TF, TGY = (F, G>. T has a simple formal series
representation which can be regarded as an ordered exponential operator,

namely
. d
r=expi |~ ( 00,57 )|

=y By de, 0 )

nz0 l’l!
14 0

X e Q“”(u; z,) T ... 5]

(15)
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and a direct calculation also leads to the representation of the inverse 7!

of T as
. o
-t =exp, {A (—, Q(u))}
ou

At 1 o
=n>omj fdzl "6u°“(z ) ou(z,)
X Qo (t521) -+ Qo (15 2,) (16)

Now, if we formally set du(u)= P(u) d(u) and du,(u)= Po(u) d(u), it
follows from

P(u) = |det(T)| Po(T(u))= (TP, )(u)
and the definitions of Z(xn) and Z,(n) that
Z(n) = (F~'TFZ,)(n) (17)
where F is the Fourier operator defined by
(FF)(n)=Jd(ﬂ’)e”"”"’"F(n’) (18)
and F~' is the inverse of F given by

(F’IF)(H)=fd('1')e"(”"’"F(n’) (19)

The operator F is unitary with respect to the product (12); consequently,
the statistical solution operator

~ A

S=F-'TF=F-leghemopmf (20)

for Z(n) is also unitary for all values of A. In this sense, Z(y) and Zy(n),
representing nonlinear and linear turbulent flow statistics, respectively, are
unitary transformations of cach other. An explicit representation of
operator S, a similarity transformation of T, is provided by the following
proposition:

If 7 and F are defined by (TF)(n)=F(n—AQ(n)) and (18), respec-
tively, and det(T)=det(1—160Q/0n)=1, then S=F"'TF has the
representation
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s-onfo(o())
=,,>0(i:')J szl dz,, Q( ; 1> Qa,,(.é, )

xn*(z,) -1 (z,) (21)

This can be verified directly by using definitions (15) and (18) and the
simple properties of functional integrals; it can also be shown that the

operator
o _ é
57 -oon - (n2 ()
ion

—il)
=n§0( nl!) J‘...J‘dzl...dznﬂal(zl)...nm"(zn)
0 0
Xrol <aszl)”'Qaﬂ <E9zn> (22)

satisfies SS™'=S5-1S§=1 for all A, where 1 is the identity operator. By
substituting (21) into (17), we get the final expression for Z(x) in terms of

Z(n) as
Z(n) = [expL {M (2 (%) n)} zy| ) (23)

n

— iy
Zn)=Zyn)+ 3, ( nl!) f...fdzl dz,---dz, dzﬁ,{ﬂ C“kﬁkyk(zk—z}()}

nzl

or, explicitly,

y { & 52 }
S ) anE) ST

x{ﬁ n“k(zk)}zo(w (24)
k=1

This A expansion is essentially in powers of a particular Reynolds number
which can be interpreted as an interaction constant. Specifically, in terms of
the dimensionless variables x//y, u/vy, and #v/i3 we have A =Iv,/v= Re.
Here [, and v, can be, for example, the integral and rms velocity scales
associated with v(z) or u¢(x), respectively. The more refined Reynolds num-
ber expansion schemes, as well as the direct expansion (24), are likely to
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yield unsatisfactory convergence and analyticity properties for physically
relevant Re’s; the careless truncations of (24) may also lead to unphysical
behavior.® However, (24) provides a standard which can be used to assess
the validity of a statistical approximation in turbulence theory.

Now we define the kernel (ie., “matrix element”) S(#, #') of S as

S, 71’)=5’5(ﬂ—11’)55fd(w)e"‘”"””” (25)

where S acts on the 7 dependence of the delta functional® only. This, from
(21), directly gives

S(”? ’,,r) =J d(a)) ellenn —n'y+ii(n', Q{w)) (26)

The inverse kernel S~'(y,n’) corresponding to $~!, by definition,
satisfies

[ dn™y s on 0"y SO, ') = [ dtn”) Su, ") S~ n"s ) = 61— ') (27)
and is easily determined from the unitarity property S~ '(n, ') = S(’, n) as
74, 1) = [ d(w) et —iimet) (28)

By substituting (26) into the relation
Z(n) = (SZo)(n) = J dn') S(n, n') Zo(n') (29)

we obtain the integral form of (24) as
201)= [[ dor'y dn”) Zo('y et =02y (30)

which, for the case of f(z) =0, is equivalent to that of Rosen.® [Note that

the Gaussian 5" integration in (30) can be formally performed; this has

been done by Rosen, whose expression also incorporates an undetermined

function to account the possible nonuniqueness of solutions of Eq. (1}].
Finally, for very small Reynolds numbers one may write

S~1—iAH, S '~1+ilH (31)
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where the operator H is formally Hermitian (self-adjoint) with respect to
(12), that is, {F, HG > = { HF, G ) for arbitrary functionals F and G, and is
explicitly given by

2

1) W(m) (=)

52
=” dz, dz, Cop,(z, —z,) ’7“(21)(m> 2

H= ” dz, dz, Coplz; — 2,) <

3. GAUSSIAN INITIAL STATES AND DRIVING FORCES

To illustrate some consequences of (24) briefly, let us prescribe uy(x)
and f(z) as Gaussian random fields with zero means and covariances

ug(x,) ug(x2)> EMuﬁ(xla x,) and <fa(z1)fﬁ(zz)> = Faﬂ(zl’ z,), respec-
tively. It follows from the linearity of v(z) in uy{x) and f(z) that v(z) is also
Gaussian with zero mean. Thus, from (10) we have

1
Zun) = Zatn) =exp | =5 . n) |

1
mexp{ =5 [ dndes dter o)} o9)

where A,4(z;,z,) is the symmetric and positive-definite (nonnegative)
covariance of v(z) which is determined by

Auplzy, 25)= ” dxydxy M g(x5, x4) G(X1 — X3, ;= 15) G(X3— X4, 1, — 1)
+ [[ dzs dzy Foglzs, 20) 621~ 23) Glzy — z4) (34)
In terms of the measures p and yo= ug, (33) implies
du —1 A2 -1
—— (u)=exp SAMQ(u), A7 u) —— (Q(u), A" Q(u)) (35)
dug 2
where 4,,'(z,, z,) is the inverse of A,4(z,, z,) which satisfies

[ 22 4521, 22) 4,521, 22)

= [z 4,,(z1, 23) A5 (22, 22) = 8,402, — 22) (36)
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(@), 4" 'w)=[[[ dzy dey dzy 4521, 22)

X nyé(zl —~23) ”ﬂ(zz) u’(z3) 146(23)

(37)
(@), A7 QW)= [ -+ [ dzy -+ dzy A (24, 22)
X Crxyts(zl _23) Cﬂuv(ZZ _Z4)
X u?(z3) u'(z3) w(z4) u'(z,) (38)
Consequently, from (35)
Z(n)= | ¢4 dyglu) (39)

where V,(u) is the exponent in expression (35). The relations (35) and (39)
are exact but they involve 4,,'(z;, z,) and (39) is a nontrivial integration
over the Gaussian measure j,. Formally, one may also write (39) as

Z(’?) = o Vild/idn) g —(n, An)/2 (4())

2 < {oxp | = 3 (5 a7 ) [ )

where W,(n) is the (inverse) Fourier transform of exp{¥,(n)}, which is not
explicitly known. Expressions (40) and (41) correspond to “weak” and
“strong” coupling expansions of Z(n), respectively.' Note that the
relation (40), or its general version

2= (55 () 20) o @)

mathematically is very different from (23); the operator in (42) depends on
the prescription of Zy(n), as opposed to the generic nature of S in (23),
which is valid for all admissible Zy(#n)’s. Here we will use the expression
(23) for Zo(n) = Zs(n) as

or

Z(n) = MG/ mg = (n.An)2, (43)

a quantity that does not involve 4;;'(z,, z,) or a functional integration,
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and express the first-order terms in a corresponding Aexpansion of the
n-point space-time probability density function P, of u(z). The P, is
simply the (ordinary) Fourier transform of a particular restriction ¢, of
Z(#n), namely

Pty ey U3 Z1 5 Op gy Zpgy Oy

= (Zn)”J-n[dyl---dynexp(—i Z yk”k)
k=1
X¢n(yls"-: yn;zl’ala"" Zn’an) (44)

with

¢n(yl sy Vo Z1s Oggens 25 an) = Z(”I) |71“:Zk Yk Oany 0(z — zk) (45)
in which z, = (x, t;)e R*x [15, 00), 4, and y, e R, and a, e {1,2,3} for
1<k<n, n=12,... Physically, P, corresponds to the joint probability for
a set of n statistical measurements of u(z) in a turbulent flow field such that

the kth measurement consists of the measurement of the «, component of
u(z) at time ¢, and position x,, that is,

Pn(ulr--s Up3 21y Opsens Zysy an) dul U dun

= Prob{ N uk<u°"‘(zk)<uk+duk} (46)

k=1

Up to first order in A, from (43) [or, equivalently, from the simpler
relations (31) and (32)], we obtain

Z(n) = e~ tmAn2 {1 il |[ dzy dzy Coplz, — 22) Agy (22, 22) 1(21)
—i/l'('--fdzl coodzy Cop(2) — 23) Aps(23, 23)
x A,(22, 24) 17(21) 1°(23) 1°(24)
+ 0(/12)} (47)

The substitution of this last relation into (45) and the relation (44) directly
give
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Pn(ula sees un; 21y Lyyeeny Zpys o )

) {z Bak(zk

0*Pg 5 .
+k;m axaran(Z> 20> Z )W}+0(i ) (48)
where
B,(z21)= | dz Copyl21—2) A (2, 2) (49)
Bop (21,7223 = | dz ooz, = 2) Apolz2, 2) Aylzs2) (50

and P is the multivariate Gaussian probability density function

1
Ps=(2n) "? (detA)‘”%xp(— EZA@izuk“) (51)
k!

which corresponds to the n-point characteristic function

1
de=exp {— 3 Z AoealZi> 21) Vi J’I} (52)
k!

Similarly, the coefficient of A for the moments (correlation functions) of
u(z) follow from (47) by using

5"
Uz, - u(z) = (— )" Zn)

on*(z1) -+ n™(2,) |, o

This leads to a result which is identical to the one generated by the usual
iterative approximation of Eq. (11).

Finally, for the space characteristic functional &(6, 1) = Z(686(t—1))
(to<t< ) of u(z), which carries information about the simultaneous
statistics only, one can write

(33)

B(0, 1) = e~ [0.A4012 {1 +il U dx, dzy Cop 06, — %50 T — 15) Ay (23, 23) 0%(x,)

— A J‘ e ja’x1 dxs dx, dz,
X Cop(X1— X3, T~ 15) Aps(22, X3, T) A)u(25, X4, T)

< 0%(x,) 0%(x) 0°(xa) + ow)} (54)
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where

[0, 401 = [[ dx, dx, Agglx,, 7, %2, 7) 05(x,) 0%(x,)

4. CONCLUDING REMARKS

Significant advances have been made in the last 15 years in the
rigorous functional approach to the statistical theory of fully developed
fluid turbulence'~'®) as well as in more formal exact treatments of Hopf’s
equation.”"” Almost all of these works involve a “space” framework in
which the Navier-Stokes equation and its statistical version, the Hopf
equation, are regarded as evolution equations in corresponding abstract
spaces; the space-time approach is rarely employed.® Clearly, a complete
statistical description of fluid turbulence requires a space-time point of
view, since the actual fluid flows demonstrate both temporal and spatial
randomness, and the functional Liouville equation associated with the
Navier-Stokes dynamics cannot directly account for nonsimultaneous
statistics. The formal unitary operator technique presented here is possible
only within the space-time framework because it allows one to utilize
Tr(6Q/0u)" =0 for n =1, which leads to det(7)=1.

Within this space-time operator approach the incorporation of
random external forces is straightforward without restrictions on their
statistics. In the evolutionary functional differential equation approach only
the Gaussian external forces with delta correlations in time give a closed
single equation,®!) while Gaussian forces with arbitrary correlations or
arbitrary (non-Gaussian) forces lead to difficulties. The series represen-
tation (24) is also more transparent than the corresponding functional
integral representation in assessing the effects of nonlinear interaction term
QO(u; z) on the prescribed statistics Zy(n), and it yields the explicit rules for
a graphical analysis of Z(#).
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